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Figure eight Knot complement

It double covers a non-orientable 3-manifold

Giereking 1912



Löbell 1931 Closed hyperbolic 3-manifold constructed roing
& right-angled dodecahedra

A generalization of his construction goer or follows :

PEX" right-angled polyhedon V =(122)"
vector space over /271

A COLOURING for P in a map X : Sfacetrof Py-s
such that the following ADMISSIBILITY CONDITION holds :

Ec----Fm ** =&(F , ) , ... ,X (Fm) independent

& distinct faceto Es
. ...,
*
m
of P



Ra : Let E
, . ..., E facetr of P. Ri := reflection along Fi

- whenever FiuF; #P
↑ = <R

, . . -,
Rk/R?

,
(RiR ; (2) discrete

[R =

"

, Ri]
with fundamental domain P

A coloring I given a morphirm I V
Ri + 7(Fi)

Rop : Kerx is torrion-free
-
-

P : Every torsion element get is conjugate to

an isometry that fixer pointwire a face F of P

(pF= ..FR)=
D

Defn : N = Kerx M : =X ,
is a manifold !



Can support X : T -oV is sorjective .
N = dinV [T : T] = 2 N

M is terrellated into 2 copies of P M = EPSrev
facet F of Pr is identified with facet F of ProxCF)
A coloving in simple if V =( X (Fi) + Se , ...., evy fi

· E
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, o Pa
, d*
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.
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#-
Any- Right-angled

⑧

PC 1113
aut juapecoloring + 4 Colours Theorem

Ha
(017 Hyperbolic M3

(10) (1
, 0) -a Wein bottle terrellated into 2" copier of P

(11)



Hyperbolic 4- Manifolds
M hyperbolic 4-manifold flat 3-manifold

M !
i) F il=4

flat 3-manifold

Vol(M) =E * (M) Alro tre for ordifolds
,
Coxeter polyhede

* (P)
=[12EPreled

[Long ,Reid] M "croped hyperbolic with Kcurpo with

sections Ne , ..., No . Then d (M) = y(N ,
)+... + y(Nk)



There are6fat oriented 3-manifes :

-
Toros bundles over S' with monodomies A I
(bi) (i) (i) (id) (i) t Hantsche-Wendt

order : 1 2436

7 : 0 O I 4/3 ~
Fonde

--



IDEAL RIGHT-ANOLED 24-CELL PIAHI", X(P) = 1

24 ideal verticer ((I) , 1
,

0
, 0) & all permutation] ideal verten

&

24 octabedal facets , orthogonal to restors :
-

Qu
STz = ( = 1

,

== j , k]u==
-

The 3 corets of QOTz form a 3-coloring

~ M4 with 24 curps ,

all with 3-torisections
,
X (M) = 0

a very symmetric 4. manifold



[Kolpator
,

M
. J There is a hyperbolic 4-manifold with I crop

# : cut and parte M along totally geodeic hypersurfaces
2

im

[Ferrari-Kolpakor-Slavich] - M " with fire #in or curprections
(no rational homology at infinity)

[Chen
,
Rizzi] 7 M "curp-transitive for all flat 3-manifold-

[Kolpakor , Riolo , Techantz] = M"croped with (1) +P

Question : Is there a hyp med with one curp in dimension 425 !

Estorer] : No arithmetic ones if n is large



Dehnfilling

T-
-

, I
mantain the same coloring

M = Mu(T"
- 1

xD2) M un Il is a Dehn filling

X(m) = X(M)

M = F1-[Ter ---rTf] alink of (n-2)-toi in Et

Given Il
,
we can get only finitely many hyperbolicM by dillie

come link of fon

[Ivansic] 54 contains a hyperbolic link of 5 ton



A hyperbolic link of 5 tori in 54





Right-angled perbolic polyheda p2, ph , p5 , po , p7, poby
have minimal simple colorings with 3

,

5
,

8
,
9

,
14

,
15 colour

I

we get manifolds M2, M ,

M5
,

MS
,
17

,

io

ure formula of [Choi-Park] [Italiano
,
M
., Migliorini]

M2 = Borromean riny complement in

M = complement of firetoi in 54



Obe : IfX is a coloring for P ,
then dimVIn .

If him Ven
,
then M is a SMALL COVERING for P
-

[Ratcliffe-Tochantz] Clarrification of SMALL COVERINO of p3
,

pa
,
p3

,

pd

No = 0
+

(n , 1) 15 <(n + 1
,2) fundamental domain = Coxater simplex

↑ = Ker (No -D 57(n+,*(y))""" = P3
,
P"

,
P3

,
PS

Clarification of torrion-freeorbgroups of N ,
of sallest index

By quatienting via symmetries , they found
N N3

,
No smallest volumeknown

X = 1 - 1

P

certainly smallest



Compact hyberbolic 4-manifolds

π 2 T 2π

3 = 2 5

120-cell IH1 111" 1H1
X = 26 17 1

Facets correspond to I20
[Davis] Identify opposite facets of the 120-cellI 1

4

I 1 1 ~

4

1 5
Get ridges cycles of order 5 =>D use

2 version

The DAVIS MANIFOLD has X= 26

[Conder-Maclachlan] Examples with T = &



Use the
e
version :

I >Tz corets give a 5-coloring =b another very
symmetric -manifold

[M
.
Riolo

, Slavich] There are Now spir compact hyp manifolds

PI :M A
D

D

Wit ↳ =D 5 1 5 = [P .)
#
5 . 5 = 1

- = right-angled pentagon
colouring =b build M that

& = right-angled 120-cell contains that

Odd Interrection form =D NOT SPIN


